Abstract: In general relativity, the endpoint of spherically symmetric gravitational collapse is a Schwarzschild-(A)dS black hole. In bimetric gravity, it has been speculated that a static end state must also be Schwarzschild-(A)dS. To this end, we present at set of exact solutions, including collapsing massless dust particles. For these, the speculation is confirmed.
Introduction and background
The dark sectors of the Universe suggest that there should be physics beyond general relativity (GR) or the standard model of particle physics. This provides an impetus to look for new theories of gravity beyond Einstein's. The problem of quantizing gravity may serve as additional motivation for that search.
Almost fifty years ago, Lovelock provided a road map, showing how modified theories can be constructed by systematically breaking the assumptions of GR [1] . Two such possibilities are to add new field content and to make gravity massive. Both alternatives have a long story; adding new fields with novel couplings to the metric dates back at least to Brans and Dicke [2] . A theory of massive gravity was first written down by Fierz and Pauli, who constructed a linearized theory for a massive spin-2 field propagating on a flat background [3] . Three decades later, van Dam, Veltman, and Zakharov showed that the theory does not converge to GR in the zero-mass limit [4, 5] , observationally disfavoring massive gravity. However, shortly thereafter Vainshtein found that the linearized theory becomes invalid below a certain distance scale, the Vainshtein radius, where a nonlinear completion needs to be considered [6] . At the same time, Boulware and Deser showed that such a completion generically results in a ghost mode [7] . Therefore, in the following four decades there was little progress in the field. More recently, this no-go statement has been circumvented, leading to the construction of consistent theories of massive gravity [8] [9] [10] . Bimetric theory is such a theory as it exhibits massive modes in addition to massless ones [11] . For the construction of these massive modes, a second metric must be introduced and hence there is also additional field content. For recent reviews, see [12, 13] .
Bimetric theory is consistent insofar as it avoids the Boulware-Deser ghost [14] [15] [16] , and its unambiguous space-time interpretation was established in [17] . To be viable, the theory should also exhibit solutions which agree with observations. Therefore, it is crucial to analyze the spectrum of solutions to the equations of motion. Ultimately, this requires fullfledged numerical integration of the nonlinear partial differential equations (1.12) in four space-time dimensions, including realistic matter sources. Even more so in bimetric theory than GR; due to the Vainshtein mechanism invalidating linear perturbation theory under some circumstances, the only options left in those regions are exact, nonlinear solutions and numerical simulations. Although some steps have been taken towards numerical bimetric relativity [18] [19] [20] [21] [22] [23] [24] , the space of dynamical solutions is largely unknown. On the other hand, under the assumption of symmetries, exact closed-form solutions can be found. Their simplicity makes them serve as useful toy models, providing qualitative information or approximations of more realistic setups.
To this end, the bimetric equations of motion have been solved under different assumptions. Cosmological models are constructed assuming homogeneity and isotropy in the two sectors. These solutions can reproduce the accelerated expansion of the Universe, without introducing a cosmological constant, see for example [25] [26] [27] [28] [29] [30] . In vacuum, the full set of GR solutions can always be retained [31, 32] . In particular, assuming staticity and spherical symmetry in vacuum, one can reproduce the corresponding GR solutions, that is, Schwarzschild-(A)dS [33] . There are also solutions without correspondence in GR [34, 35] , exhibiting asymptotic behavior diverging from Minkowski and (A)dS [36] . On the other hand, in the presence of matter sources, there are non-GR solutions approaching Minkowski or (A)dS when r → ∞ [37] . Given the different asymptotic structures of the vacuum solutions and the matter solutions, it has been speculated that if gravitational collapse ends up in a static state, it must be a Schwarzschild-(A)dS black hole. The outstanding question at this point is which ones (if any) of the static, spherically symmetric black holes that represent possible end states of gravitational collapse. For the class of solutions presented in this paper, indeed the end states are GR black holes.
Summary of results.
A set of non-static spherically symmetric solutions for the two metrics, g and f , in the presence of a generalized Vaidya fluid [38] , is:
where m is the Misner-Sharp mass function of g, m is the Misner-Sharp mass of f , and c is a constant. The stress-energy of the generalized Vaidya fluid, coupled to g, is generated from the Einstein tensor of g and the bimetric stress-energy which arises from the interaction between the metrics. The solutions can be divided into two branches. In Branch I, m is arbitrary up to some basic conditions, possibly implied by the weak, strong, and dominant energy conditions [38] . Letting
yields the stress-energy of a collapsing cloud of massless, electrically charged particles in a cosmological (A)dS background, with m dust (v) describing the black hole mass as a function of advanced time, v, and Q(v) the electric charge. Concerning the Misner-Sharp mass of f , m(v, r) = m f + Λr 3 /6, with m f being the constant black hole mass in the fsector and Λ and c are constants given in terms of the β-parameters (2.9). The f metric is therefore a Schwarzschild-(A)dS metric in Eddington-Finkelstein coordinates. Generically, it exhibits a curvature singularity at r = 0, covered by the event horizon with respect to the same metric, but only partially covered by the event horizon of g, see figure 1 . This calls a bimetric analog of the cosmic censorship hypothesis into question. However, the naked singularity can be eliminated by choosing the mass of the f -sector black hole to be zero, reducing f to (A)dS/Minkowski. At the end state of collapse, m dust (v) and Q(v) are constants and g is Reissner-Nordström-(A)dS, recovering the non-bidiagonal static, spherically symmetric GR solutions of [33, 39] . In Branch II,
generating the stress-energy of an effective cosmological constant plus a traceless, Type II [40] , fluid with equation of state w = P/ρ = 1 (an ultrastiff fluid [41] ). Here, c is a free constant. The f -sector mass function takes the same form as m except the 1/r term, which is missing. For β 1 + 2β 2 c + β 3 c 2 < 0, corresponding to an imaginary Fierz-Pauli mass, the energy conditions can always be satisfied for appropriate choices of m dust (v), whereas if β 1 + 2β 2 c + β 3 c 2 > 0, corresponding to a real Fierz-Pauli mass, they are always violated outside some critical radius. However, with the latter choice, there is no gravitational collapse, but a radiating solution. The case of equality with zero is that of Branch I. If the graviton mass is not too small, the singularity formed by the collapse is covered by event horizons with respect to both metrics. The static end states of this branch are the well-known proportional (f = c 2 g), static and spherically symmetric vacuum solutions.
Conventions. Tildes denote quantities constructed from f , otherwise constructed from g. For example, ∇ is the covariant derivative with respect to g, and ∇ is the covariant derivative with respect to f . Occasionally, we attach labels g and f , for example, m g is the mass parameter of a Schwarzschild metric in the g-sector. The metrics are written in ingoing Eddington-Finkelstein-like coordinates, with v being the advanced time. Usually, v is referred to as "time".
Generalized Vaidya solutions in general relativity
The Schwarzschild metric in ingoing Eddington-Finkelstein coordinates (v, r, θ, φ), is
with m = const. Including a dependence of m on v and r, yields the generalized Vaidya metric [38, 42] . With this dependence, the Einstein tensor is non-zero and a stress-energy must be introduced. Einstein's equations are:
In this setup, we define T µ ν to be whatever we obtain when calculating G µ ν . This procedure is sometimes referred to as Synge's method and occasionally the stress-energy defined this way can be generated by a reasonable matter model. A choice of m, satisfying this demand, is
The function m dust (v) is interpreted as the mass of the black hole, with the corresponding stress-energy generated by infalling massless particles. The 1/r term represents the electric charge, Q(v), of the black hole, with the stress-energy being generated by an electric field [43, 44] . Finally, the r 3 term is a cosmological constant contribution. To satisfy the weak, strong, and dominant energy conditions, (1.10) must hold, imposing some basic conditions on m. Neutrinos, being very light and weakly interacting, fits a model with Q = 0 well [45] . In summary, the generalized Vaidya metric (1.4) with m given by (1.6) gives the metric of a spherically symmetric distribution of massless particles carrying some electrical charge, collapsing in a cosmological (A)dS background. There are also other forms of m(v, r) generating physical matter fields, see for example [46, 47] . With m(v ≤ 0) = 0 and m dust (v) and Q(v) growing in the time interval 0 ≤ v ≤ v f , a calculation of the Kretschmann scalar reveals that there is a curvature singularity at r = 0 when v ≥ 0. Generically, this singularity is covered by an event horizon. Nevertheless, there are space-times where the singularity is not covered completely, in which case there is a naked singularity [48] . However, the pathology should be blamed on the matter model, which becomes invalid in regions of very high curvature.
Stress-energy.
The stress-energy for a generalized Vaidya metric can be decomposed as (see, e.g., [38] )
where we have introduced the ingoing and outgoing null covectors, respectively,
Here, ρ is the total energy density, µ is the total energy flux in the l µ direction, and P is the total tangential (principal) pressure.
The stress-energy is of Type II in the classification of [40] . For such a fluid, the dominant energy condition reads
If these inequalities hold, the weak and strong energy conditions are satisfied as well. The dominant energy condition guarantees that the energy flow of the fluid does not exceed the speed of light. It should be stressed that the energy conditions present neither necessary nor sufficient requirements for a solution to be regarded as physical, they rather serve as a useful diagnostics of the solution.
Bimetric gravity
Bimetric theory is a nonlinear theory of two interacting, symmetric, rank-2 tensor fields (i.e., metrics) defined on the same manifold. The Hassan-Rosen action is, in natural units,
(1.11) where e n (S) are the elementary symmetric polynomials of the principal square root S := (g −1 f ) 1/2 [14] . The β-parameters are dimensionless constants, to be fixed by observations. Since e 0 (S) = 1, the β 0 term contributes to the action as a cosmological constant with respect to g. Similarly, the β 4 term provides a cosmological constant in the f -sector.
Generically, there can be two independent sectors of matter fields, contained in the matter Lagrangians L m and L m , minimally coupled to g and f respectively [49, 50] . The g metric determines the geodesics of the g-sector matter. Thus, g can be identified as the physical metric with respect to g-sector observers. Such an observer can only measure the geometry of g directly; the f -sector influences the observers only indirectly via its interaction with the physical metric.
Varying (1.11) with respect to g and f yields two copies of Einstein's equations with effective stress-energies T µ ν and T µ ν ,
where T µ ν and T µ ν are the ordinary matter stress-energies coupled to g and f respectively. The bimetric stress-energy tensors, V µ ν and V µ ν , contain the interaction between the two metrics and are defined as
The bimetric conservation law reads:
(1.14)
2 Generalized Vaidya solutions in bimetric gravity
Ansatz
Assuming that g and f exhibit the same spherical symmetry [51] and that the two metrics have a common null direction, the most general Ansatz is
The hypersurface defined by v = const. is a null surface with respect to both metrics.
To obtain a closed-form solution, we further restrict the Ansatz (2.1), demanding that p = q = 0 and c = const. Hence,
Since we are using natural units, m and m have dimension of length. Nevertheless, they will be referred to as masses. The metrics are of the generalized Vaidya type, with m being the Misner-Sharp mass of g [52] (also referred to as Hernandez-Misner mass, and coinciding with the Hawking-Israel mass in spherical symmetry) and m the Misner-Sharp mass of f , defined by, respectively,
An Ansatz similar to (2.2) was adopted in [53] , the difference being that here we solve the equations of motion (EoM) in the presence of a generalized Vaidya fluid generated from G µ ν and V µ ν and that we do not restrict our space of β-parameters. With the Ansatz (2.2), the square root is
Due to the ubiquity of the |c|'s, we hereafter let the modulus be understood. Note that S µ ν contains a factor m−m, reappearing in the bimetric stress-energies V µ ν (S) and V µ ν (S). In other words, there is dynamical interaction between the metrics, at least off-shell. Writing S µ ν in Jordan normal form reveals that it is of Type IIa if m = m and of Type I if m = m, in the classification of [17] . The traces of powers of the square root are
Within the coordinate range, there is no singularity in the interaction terms as long as 0 < |c| < ∞, which we assume. In section 2.4, we discuss the behavior of S at r = 0.
Equations of motion and solutions
With the Ansatz (2.2), the Einstein tensors read
and the bimetric stress-energy tensors
with the shifted elementary symmetric polynomials defined as
From (2.6a) we compute the bimetric conservation law (1.14):
There are two branches of solutions: setting the first parenthesis to zero (Branch I) and setting the second one to zero (Branch II).
Branch I. Setting the first parenthesis to zero,
Note that this choice is different from setting the Fierz-Pauli mass to zero (see for example [54] ) since g and f are not proportional. The off-diagonal components of V µ ν and V µ ν are proportional to β 1 + 2β 2 c + β 3 c 2 , and hence vanish and the only remaining components are the (constant) diagonal ones, that is,
At this point, the contribution from the bimetric interaction has reduced to an effective cosmological constant in each sector:
From the definitions of Λ and Λ (2.6) it is apparent that they are not just the "bare" cosmological constant terms, β 0 or β 4 , of two completely decoupled metric sectors. Rather, the two effective cosmological constants involve all the β-parameters and arise because of bimetric interaction. If one wishes to do so, Λ and Λ can be set to zero by tuning β 0 and β 4 respectively. In that case, GR is retained.
Assuming T µ ν = 0, the f -sector EoM yield two differential equations for m which are readily solved, with the result
where m f is an integration constant. The f metric (2.2b) with (2.11) is a Schwarzschild-(A)dS black hole with mass m f and cosmological constant Λc 2 . Unless m f is set to zero, there is a curvature singularity at r = 0, covered by an event horizon with respect to f . To solve the EoM in the g-sector (1.12a) we apply Synge's method and define T µ ν to be T
Since V µ ν is an effective cosmological constant (2.10), the generalized Vaidya metric, (2.2a), with m of the form (1.6), is as physical as in GR. If one wants to generate a specific form of stress-energy, an additional cosmological constant must be included in m(v, r) in bimetric theory, compared to GR. For example, to generate the stress-energy of a collapsing cloud of massless dust particles in GR, m(v, r) = m dust (v), whereas in bimetric theory m(v, r) = m dust (v) + Λr 3 /6. See below for an explicit example. The Branch I solutions can straightforwardly be generalized by including T µ ν in the f -sector EoM. In this case, both g and f are generalized Vaidya metrics.
Concerning the stress-energy observables (see section 1.1), we split ρ, µ, and P into a cosmological constant contribution and a fluid contribution, for example the total energy density is ρ = ρ CC + ρ fluid .
The stress-energy tensor corresponding to the fluid is of Type II [40] . To summarize, the Branch I solutions are:
where we choose m to yield massless, electrically charged particles collapsing in a cosmological (A)dS background. In general, the two metrics are not proportional and, moreover, cannot be diagonalized in the same coordinates. The isometry group of g is SO(3) (spherical symmetry) whereas f admits also a timelike Killing vector field and is thus static. With m f = 0, f is maximally symmetric. Thus, the isometry groups of the two metrics do not coincide generically [51] .
Example. To highlight the observable differences between the GR Vaidya solutions and the corresponding bimetric Branch I solutions, consider a cloud of electrically neutral, massless dust particles forming a black hole. In GR, this is described by m(v, r) = m dust (v). In bimetric relativity, the corresponding mass function is m(v, r) = m dust (v) + Λr 3 /6. In GR, the event horizon would be located at r = 2m g in the static end state. In BR, the horizon(s) is at the root(s) of r − 2m g − Λr 3 /3, hence it is shifted inwards or outwards depending on the sign of Λ. For Λ < 0, the horizon is shifted inwards and for Λ > 0, it is shifted outwards and a cosmological horizon is also introduced. To explain the accelerated expansion of the Universe, Λ, given in (2.6a), is usually set to the same order of magnitude as the ΛCDM cosmological constant, Λ H 2 0 . Expressed as a curvature, Λ is the inverse square of the Hubble radius. Defining 15) we see that if 1, the shift in the position of the event horizon from bimetric theory is very small. If 1, the correction to the horizon is significant. Since is given by the ratio of the radius of the event horizon and the Hubble radius, the correction is negligible, even for supermassive black holes.
The correction from bimetric theory is negligible at length scales where we expect the assumption of spherical symmetry to be a reasonable approximation. However, there are values of Λ that are consistent with solar system tests (see for example [54] ) for which there may be measurable deviations from GR. where m g is a constant. In the latter branch, g and f are proportional Schwarzschild metrics. Concerning the g-sector EoM in Branch IIa, Synge's method is implemented again. The stress-energy can be generated by a special fluid plus an effective cosmological constant contribution: 19) with (note the linearity in m dust (v) and its derivatives)
There is dynamical interaction on-shell. Note that T fluid µ ν is traceless and of Type II [40] . Splitting the total stress-energy into the fluid contribution and the cosmological constant contribution,
The equation of state of the fluid is
so it can be characterized as an ultrastiff fluid [41] . Generalization of the solution by inclusion of T µ ν is not as straightforward as in Branch I. In bimetric theory, with several stress-energies (T µ ν , T µ ν , V µ ν , etc.), it is not obvious how the energy conditions should be used. This issue has only been discussed sporadically in the literature, see [55, 56] . For example, the bimetric stress-energy V µ ν usually violates the energy conditions for cosmological solutions [57] , and in vacuum the null energy conditions (NEC) with respect to V µ ν and V µ ν are strongly anti-correlated; if the NEC holds with respect to V µ ν , it is violated for V µ ν , and vice versa. Here we analyze the implications of imposing the dominant energy condition (implying also the weak and strong ones) on the stress-energy T fluid µ ν . Imposing (1.10),
(2.23a)
The relation ρ fluid ≥ P fluid always holds, due to the equation of state (2.22). The conditions split into two cases, depending on the sign of c 
that is, m dust (v) is monotonically increasing (or is constant). To satisfy (2.23a) for all r,
otherwise there is a critical radius within which (2.23a) is violated. With (2.24) and (2.25), ∂ v m dust (v) is necessarily discontinuous at v = 0, see figure 2. For c 26) so that m dust (v) is monotonically decreasing (or stays constant). Thus, we must start with an initial black hole and then let it radiate. In GR, this is only possible when switching from advanced to retarded time. Moreover, due to (2.26), (2.23a) is necessarily violated outside some critical radius. If desired, this radius can be pushed arbitrarily far out by letting M be sufficiently small. In the following, we assume that c 2 1 < 0, corresponding to an imaginary Fierz-Pauli mass around the proportional end state.
An alternative way of generating the stress-energy of Branch IIa is to look at (2.17a) and identify the 1/r term as electric charge. Note however that this interpretation requires that the charge is fine-tuned to
In Branch IIa, the metrics are proportional if and only if ∂ v m dust = 0, in which case they reduce to Schwarzschild-(A)dS metrics. If both metrics exhibit a time dependence, they have the same isometry group, SO(3), as well as the same Killing vector fields.
Static end states
Branch I. In the static end state of gravitational collapse, m(v, r) is of the form 27) with m g and Q g being the (constant) final mass and charge of the g-sector black hole, and λ being a cosmological constant. The end state in g is a Reissner-Nordström-(A)dS metric, an electrically charged black hole in a cosmological background. As for f , m(v, r) is of the form (2.14b), which is a Schwarzschild-(A)dS black hole. The static end state is thus a GR solution of the same form as the charged black hole solutions found in [39] . Setting the electric charge to zero, the end state belongs to the non-bidiagonal static, spherically symmetric vacuum solutions of [33] (see also [51] for Eddington-Finkelstein coordinates).
Branch II. The static end states of Branch II are
These are proportional Schwarzschild-(A)dS solutions. There is no electric charge of the final black hole in this branch. As shown in section 2.2, Branch II solutions are special as they are compatible only with a particular type of generalized Vaidya fluid. Thus, within our set of Vaidya solutions, the proportional Schwarzschild black holes are only realized as end states of gravitational collapse under special conditions. Moreover, this type of end state is problematic due to a Gregory-Laflamme-like instability at the linear level [58] . Branch I. Generically, f is a Schwarzschild-(A)dS metric. Therefore, there is, in general, a curvature singularity with respect to f at r = 0 for all v. It is covered by an event horizon with respect to the same metric, located at some constant r. The singularity is only partially covered by the g-sector event horizon, see figure 1 . In this sense, a bimetric analog of the cosmic censorship hypothesis is violated for these solutions. A standard matter observer measuring the geometry of g will not notice anything special when approaching the centre, but suddenly, when reaching r = 0, the worldline ends abruptly. However, being an integration constant, the mass of the f -sector black hole can be set to zero, removing the naked singularity. The horizons of g and f do not coincide, but the theorem of [59] is not violated since the metrics are not bidiagonal. Concerning the square root S µ ν , (2.3), the coordinate invariants (2.4) are regular within the coordinate range 0 < r < ∞ and, moreover, in the limit r → 0. However, due to the r −1 dependence of S r v , det S exhibits a singularity precisely at r = 0, unless m− m ∼ r n≥1 . The only caveat is that r = 0 is not within the allowed coordinate range. Nevertheless, transforming to Cartesian coordinates reveals the same behavior. In the initial Minkowski region of g (i.e., when v < 0), f = S T gS = S T ηS, so S µ ν is in fact the vielbein of f . With f being Schwarzschild-(A)dS, the square root represents the transformation of f into the local Lorentz frame and must be singular at r = 0, due to the singularity of Schwarzschild-(A)dS at that point. With f being (A)dS/Minkowski, there is no singularity. Furthermore, if f is Schwarzschild-(A)dS, the Ricci scalar of the geometric mean metric, h µν := g µρ S ρ ν , diverges in the limit r → 0. This supports the conjecture in [23] , that at least two of the three metrics g, f , and h share the curvature singularity.
Singularities and horizons
Branch II. In the static region of Branch IIa, the two metrics, being proportional, share event horizons, as required [59] . In the intermediate Vaidya region, the 1/r term in the g-sector pulls the event horizon inwards if c 2 1 < 0, see figure 2. Since the event horizon with respect to g lies inside that of f , an observer, minimally coupled to g, does not see the f horizon. The 1/r contribution is inversely proportional to M (2.17a) and hence the singularity is enclosed by both event horizons if M is not too small. In Branch IIb, the two metrics, being proportional, share event horizons.
Discussion and outlook
In bimetric theory, the two metrics share the manifold. For a global solution, one must ensure that both metrics are compatible with the topology of the manifold [51] . In Branch II, where they are Vaidya metrics, one may expect the associated topologies to concur, but in Branch I the agreement is not obvious, with g being Vaidya and f being Schwarzschild-(A)dS. If they do not agree at face value, there are several possibilities to harmonize; one obvious thing that changes the prima facie topology associated with g, is that we need to remove r = 0 from our manifold due to the singularity in f . Another possibility is to look at the universal covering space. Also, if the space-time is regarded as an approximate model, valid in some local region, we can disregard the global structure of the manifold. Additional insight could be gained by constructing the Penrose-Carter diagram with respect to both metrics. This is left for future work.
Besides topology, the bimetric Vaidya solutions present further questions; in Branch I, there is a naked singularity with respect to standard matter observers, unless the mass of the f -sector black hole is set to zero. A natural follow up question is if this is a generic property of bimetric space-times or if it is a special feature of this solution. Another important question is whether the solutions are stable against dynamical perturbations. In particular, a special case of the Branch I solutions is obtained by assuming that m, m → 0 as r → ∞. In this limit, g and f are proportional and our choice of c (2.9) corresponds to a vanishing graviton mass when linearizing around this solution. In this case, radial perturbations only have the traditional 1/r Newtonian decay, that is, no Yukawa term [33] . Linearizing around a general Branch I solution is left for future work.
In the static regions of Branch IIa (i.e., the initial state and the end state), the metrics are proportional and c is the proportionality constant. Requiring c 2 1 < 0 in order to satisfy the energy conditions implies an imaginary Fierz-Pauli mass for perturbations around proportional backgrounds [11] (see also [22] for a discussion). Contrary to tachyonic particles, the causality (i.e., the causal cone of the EoM of the perturbations) is unaffected by this fact, but rather signals an instability of the background solutions [60] (however, see also [61, 62] ). It should be stressed that such an instability does not necessarily indicate a pathology of the theory but just the fact that proportional solutions are unstable and may settle down to another stable end state upon perturbation. Compare for example with the Higgs mechanism in the standard model of particle physics. The cure of the instability is obviously to choose c 2 1 > 0 and the price to pay is that the dominant energy condition is violated outside some radius, besides the fact that it represents a radiating solution rather than gravitational collapse. For radial perturbations, instead of the ordinary Yukawa decay, there is a 1/r decay modulated by a sin/cos-function (in addition to the ordinary Newtonian decay), introducing oscillations around the Newtonian fall-off of the perturbations.
Even though a toy model like the one presented here may provide important insights and questions, the ultimate enigma remains: what is the end state of gravitational collapse, given a fully realistic model? To answer this question, we have to solve the bimetric equations numerically, a challenging task indeed [18] [19] [20] [21] [22] [23] [24] .
